A problem of drawing specific graphs is considered emphasizing aesthetic appeal of the visualization. We focus on graphs related to the management of business processes. A particular problem of the aesthetic drawing is considered where the aesthetic allocation of vertices is aimed. The problem is stated as a problem of bi-objective optimization where the objectives are the length of connectors and the compatibility of the sequence flows with the favorable top-down, left-right direction. An algorithm based on the branch-and-bound approach is proposed.
Introduction
Graphs are very convenient models for different applications. In many cases the main advantage of graph models is their suitability for representation by a planar/spatial structure of connected shapes. Requirements to the geometric layout of graphs depend on the considered application, however frequently one of the most important requirements is formulated as optimality with respect to one or another criterion. In most cases some nonlinear constraints should be taken into account, e.g. formulated as logic expressions [1] . The requirements to optimize some technological criteria while searching for an appropriate layout is natural, e.g. in the problems of electronic design where the graph vertices and edges represent objects with geometric and electrical properties [2] . Graph drawing is reduced to the optimization problems also in many other cases where not only technical but also abstract objects are modeled by graph vertices and edges.
Plenty of publications on graph drawing as well as corresponding algorithms are available [3] ; nevertheless special cases of the problem frequently cannot be solved by straightforward application of the known methods and algorithms. In the present paper we consider a particular problem of drawing graphs related to business process diagrams where criteria of aesthetics are crucial. According to the general opinion, the aesthetic attractiveness of the drawing of a business process diagram is especially important since the aesthetic layouts are also most informative and practical. The graph drawing aesthetics is comprehensively discussed, e.g. in [4] [5] [6] . However, the criteria of the aesthetic attractiveness not always guarantee the informativeness of the diagrams drawn; we cite [6] : "Few algorithms are designed for a specific domain, and there is no guarantee that the aesthetics used for generic layout algorithms will be useful for the visualization of domain-specific diagrams". Such features of a layout as, for example, length of connectors, number of bends, number of crossings, and uniformity of distribution of shapes influence aesthetic of the considered layout. For different applications those features are of different importance to the aesthetic appeal of the layout, thus they can be considered aesthetic criteria. In the papers [7, 8] a method of quantitative evaluation of the importance of the aesthetic criteria is described where the attitude of the potential users to the aesthetic appeal of layouts was elicited by a psychological experiment.
The problem of the aesthetic graph drawing can be reduced to a problem of multiobjective optimization where the evaluated factors of importance are used. However, the multi-objective shortest path problems are NP-complete; for the analysis of the biobjective case we refer to [9, 10] . To tackle the NP-complete problems various heuristic and meta-heuristic methods are well suitable [11] [12] [13] . For example, several algorithms of combinatorial multi-objective optimization related to the aesthetic drawing of connectors are proposed in [7] assuming that the location of shapes is fixed. Such a situation occurs in case a business process diagram is drawn in an interactive mode, and a user selects sites for shapes. After an interactive session is completed it is reasonable to draw the final aesthetically appealing diagram. In such a situation the complete drawing problem (allocation of shapes and drawing of connectors) could be considered. However, in such a statement the problem is too difficult. Therefore, we propose to decompose it into two stages: allocation of shapes and drawing of connectors. In the present paper the problem of aesthetic allocation of shapes is attacked by multi-objective optimization. At this stage two objectives (length of connectors and compatibility with the favorable sequence flow) are taken into account supposing that the other objectives will be optimized at the second stage of solution. In the second stage connectors may be drawn assuming that the locations are fixed. Multi-objective algorithms for drawing connectors [7, 14] minimize the length of lines, number of crossings, and number of bends. diagram is presented in Fig. 1 . Two swimlanes are related to the Management Department since in the considered example the functions of planning (director) and organizing (accountant etc.) are explicitly separated. In the present paper we are interested only in the allocation of shapes, i.e. we ignore the interpretation of the diagram in terms of the visualized business process.
The input for the problem of the drawing a diagram is several lists containing shapes which should be allocated in the same swimlanes. The input data also define the pairs of shapes which should be connected. It is requested to allocate shapes in swimlanes, and the swimlines with regard to each other aiming at aesthetical appeal of the drawing. The problem is reduced to a problem of multi-objective combinatorial optimization. In the present paper the bi-objective problem is considered taking into account two objectives: length of connectors, and compatibility of the process flow with the top-down, left-right direction. For example, the business process diagram presented in Fig. 1 contains some rather long connectors as well as some sequence flows not compatible with the favorable top-down left-right direction. Figure 1 was used for the psychological experiment described in [7, 8] as an example of a diagram of medium appeal of the considered criteria.
Allocation of shapes by means of multi-objective optimization
A multi-objective optimization problem is to minimize an objective vector f (
where x is the decision vector and X is the search space. In most cases there is no single optimal solution to a given multi-objective optimization problem and the set of so-called non-dominated solutions is sought. The decision vector a dominates the decision vector b (we denote a b) if:
A set of non-dominated (Pareto optimal) decision vectors is called Pareto set, and the set of corresponding objective vectors is called Pareto front. In this paper we consider a multi-objective optimization problem for allocation of the shapes (flow objects) in business process diagram. The general aim of the problem is to produce aesthetic diagram, which we approach in two steps: allocation of the shapes and drawing of the orthogonal connectors. The shapes are allocated in a grid of predefined number of rows and columns (swimlanes). Let us denote the number of rows by n r and the number of columns by n c . The connectors show the sequence flow, two flow objects are connected if one directly precedes another. The shapes are allocated in such a way so that the connected shapes were close to each other and that the flow would direct from left to right and from top to bottom. Two objectives are simultaneously optimized:
• Minimization of total length of connectors: The sum of city block distances between connected shapes is minimized.
• Minimization of the number of right down flow violations: The number of times the preceding shape in the connection is not higher than and is to the right from the following shape is minimized.
The data of the problem are assignment of shapes to the roles (or functions) and the list of connections. Let us denote the number of shapes by n and the roles corresponding to shapes by d, where d i , i = 1, . . . , n define the role number of each shape. The connections are defined by n k × 2 matrix K whose rows define connecting shapes and k i1 precedes k i2 .
The shapes assigned to the same role should be shown in the same column (swimlane), however the columns may be permuted. Therefore, part of decision variables define assignment of roles to columns. Let us denote the assignment of roles to columns by y which is a permutation of (1, . . . , n c ) and y i defines the column number of ith role.
Another part of decision variables define assignment of shapes to rows. Let us denote this assignment by x, where x i defines the row number of ith shape.
We define the objectives as following. The length of orthogonal connector cannot be shorter than the city block distance between the connected points. We model the potential length of connector as a city block distance between shapes. Therefore, the total length of connectors is calculated as
The number of right down flow violations is calculated as
where down flow violation is
The connection of two shapes in the same row violates down flow since the bottom or side of preceding shape connects to the top of the following shape.
In such a definition objective functions are separable into two parts, one is dependent only on decision variables x and another on y:
Therefore, the problem can be decomposed into two: find non-dominated vectors (f 1x , f 2x ) and non-dominated vectors (f 1y , f 2y ). The non-dominated solutions of two problems are then aggregated and non-dominated solutions of the whole problem are retained. The number of solutions of the first problem is
where n i is the number of shapes assigned to ith role. The number of solutions of the second problem is n c !. For example, if we have 3 roles, there are 4 objects in one role and 6 objects in each other two roles, and we want to fit the diagram in 7 rows, the number of solutions of the second problem is 3! = 6 and the number of solutions of the first problem is 7! 3! × 7! × 7! = 21 337 344 000
which is a big number.
Branch and bound algorithm for multi-objective combinatorial optimization
The main concept of branch and bound is to divide sets of solutions and discard those which cannot contain optimal solutions. In single objective optimization a set of solutions cannot contain optimal solutions if the bound for the objective function over this set is worse than the known function value. In multi-objective optimization the set of solutions cannot contain Pareto optimal solutions if the bound vector b is dominated by at least one already known decision vector a:
Bounds for objective functions over sets of solutions are needed. Construction of bounds depends on the type of sets of solutions over which the bounds are evaluated.
As it was described in the previous section, the number of solutions of the second problem is much smaller than that of the first problem. Therefore, we solve the second problem by enumeration of all solutions while the first problem is solved using branch and bound algorithm. In the case the number of columns is larger, branch and bound algorithm can be used for the second problem as well. We will represent a set of solutions of multiobjective problem for allocation of the shapes in business process diagrams as a partial solution where only some shapes are assigned to rows. Therefore, the partial solution is represented by the assignment x of n < n shapes to rows. The bounds for objective functions of allocation of the shapes to rows in business process diagrams (3), (5) may be computed as follows. The total length of connectors cannot be smaller than the length of connectors among already assigned shapes:
Similarly the number of down flow violations cannot be smaller than one of already assigned shapes:
An iteration of the classical branch and bound algorithm processes an unexplored set of solutions. The iteration has three main components: selection of the candidate set An iteration of the classical branch and bound algorithm processes an unexplored set of solutions. The iteration has three main components: selection of the candidate set to be processed, subdivision of the set, and bound calculation. Performance of a branch and bound algorithm depends on selection strategy [12] . We build a branch and bound algorithm for multi-objective problem for allocation of the shapes in business process diagrams using the depth first selection. The advantage of this selection strategy is that it allows avoidance of storing of candidate sets [16] , the number of the candidates may be very large similarly as the number of solutions is huge.
The search tree of the branch and bound is illustrated in Fig. 2 . The levels of the tree represent different shapes. The branches of the tree represent assignment of the flow objects to rows of business process diagram. Of course the shape cannot be assigned to the row where another shape of the same role (swimlane) is already assigned.
The algorithm for multi-objective problem for allocation of the shapes in business process diagrams can be outlined in the following steps: 1. Form the first possible assignment of shapes to rows in x. Set n ← n + 1.
Repeat while n > 0
• If the current solution is complete (n n) -Set n ← n.
-If no solutions in the solution list dominate the current solution x, add it to the solution list:
If a ∈ S : a x, then S ← S ∪ {x}.
-If there are solutions in the solution list dominated by the current solution, remove them from the solution list: to be processed, subdivision of the set, and bound calculation. Performance of a branch and bound algorithm depends on selection strategy [15] . We build a branch and bound algorithm for multi-objective problem for allocation of the shapes in business process diagrams using the depth first selection. The advantage of this selection strategy is that it allows avoidance of storing of candidate sets [16] , the number of the candidates may be very large similarly as the number of solutions is huge. The search tree of the branch and bound is illustrated in Fig. 2 . The levels of the tree represent different shapes. The branches of the tree represent assignment of the flow objects to rows of business process diagram. Of course the shape cannot be assigned to the row where another shape of the same role (swimlane) is already assigned.
If a ∈ S: a x, then S ← S ∪ {x}. -If there are solutions in the solution list dominated by the current solution, remove them from the solution list:
is dominated by a solution from the solution list reduce n .
• Update x n by available number and increase n or reduce n if there are no further numbers available. 3. Find non-dominated solutions Q of the second problem. 4. Aggregate non-dominated solutions of two problems,
and retain non-dominated solutions of the whole problem.
Computational experiments
We perform computational experiments on problems of business process diagrams. A computer with Intel i7-2600 CPU 3.40GHz, 8GB RAM and Ubuntu 12.10 Linux was used for experiments. The branch and bound algorithm has been implemented in C/C++ and built with g++ 4.7.2 compiler. The data of the first example business process are given in Table 1 . There are 3 roles in this business process, 4 shapes are in one role and 6 shapes are in each other two roles. The smallest number of rows to fit the business process diagram is 6. In this case the number of different assignments of roles to columns is 6 and shapes to rows is 186 624 000. In the case of 7 rows the number is indicated in Section 3 and is 21 337 344 000. Table 1 . Data of example business process diagram.
Flow objects
No.
Role Name
Role2 Activity3
No. Role Name
Role3 Event3
Connections i  ki1  ki2  1  1  2  2  2  3  3  3  4  4  3  5  5  7  8  6  6  9   i  ki1 ki2  7  10  9  8  5  11  9  9  12  10  11  12  11  5  13  12  13  9   i  ki1 ki2  13  14  11  14  14  13  15  8  15  16  15  11  17  14  15  18 16 14
Branch and bound leads to complete enumeration of all possible solutions in the worst case -when the bounds do not help to discard any sets of solutions. It is interesting to investigate how far is practical case from the worst case. Therefore, we compare the results of the developed branch and bound algorithm with complete enumeration, where all possible assignments of shapes to rows are enumerated and non-dominated are retained. The computational time (t) and the number of functions evaluations (NFE) for the algorithms solving the example problem are presented in Table 2 . NFE for complete enumeration coincide with computed numbers of possible different assignments. Branch and bound is approximately 70 times faster for 6 rows problem, approximately 770 times faster for 7 rows problem, and approximately 3400 times faster for 8 rows problem. This enables the solution of the considered problem in an acceptable time.
Both algorithms produce the same sets of Pareto solutions as expected. Pareto solutions of the example problem with 7 rows are given in Table 3 . Pareto fronts for problems with different number of rows are illustrated in Fig. 3 . Pareto solutions of the problem with 6 rows are dominated by that of the problems with more rows. This means that the problem with 6 rows is too restrictive. Many objective vectors of Pareto solution of the problems with 7 and 8 rows coincide.
Solutions of the multi-objective problem of shape allocation in the example business process diagram with 7 and 8 rows are shown in Fig. 5 . We do not consider the problem of drawing orthogonal connectors in this paper. In these diagrams connectors are drawn following the rules of the software developed by OrgSoft. The connectors may be drawn in several horizontal and vertical lanes located in the middle and on the sides of cells. Bends were rounded to enhance visibility and clarity. The number of crossings was minimized when drawing connectors. Table 3 . Pareto solutions of the example business process diagram problem with 7 rows. The shortest total length solution with objective vector (24, 10) is shown in Fig. 5(a) . It can be seen that connected flow objects are placed near by, often in the same row what violates direction down. The smallest number of violations in 7 rows solution with objective vector (33, 1) and in 8 rows solution with objective vector (32, 1) are shown in Figs. 5(c) and 5(d) . There is only one violation coming from the last column to the previous one violating right flow. All the other connectors come down and in the same swimlane or directing to the right. The additional row enabled the move of flow objects in swimlane Role2 and Role3 down by one row and rearrangement of flow objects in swimlane Role1 to save total length. A non-dominated intermediate solution with the objective vector (28, 4) is shown in Fig. 5(b) . Balance between flow violations and the total length can be seen.
We continue our experiments with a middle size business process diagram shown in Section 2. The data of the problem are given in Table 4 . There are 6 functions in this business process, there is one function with 5 shapes, two with 4 shapes and three with 2 shapes. The smallest number of rows to fit the business process diagram is 5. Even with this number of rows the number of different assignments of shapes to rows is 13 824 000 000.
The results of branch and bound algorithm are shown in Table 5 . The time grows approximately twice when the number of rows is increased by one, but the growth speed decreases after 12 rows. Anyway the problem with the largest required number of rows (19) is solved in approximately two and a half hours which is acceptable for off-line improvement of business process diagrams. Table 4 . Data of middle size business process diagram.
Pareto fronts for problems with different number of rows are illustrated in Fig. 4 . Pareto solutions of the problem with 5, 6 and 7 rows are dominated by that of the problems with more rows. This means that the problem with less than 8 rows are too restrictive. The non-dominated solution with the objective vector (77, 3) appears when more than 12 rows are allowed.
The shortest total length solution with objective vector (33, 15) is shown in Fig. 6 . Connected flow objects are placed near by, but flow violations are quite often. The solution with the smallest number of flow violations (77, 3) is shown in Fig. 7 . The desirable flow in top-down left-right direction is clearly visible, only unavoidable violations appear due to the cycles in the process. However this diagram requires a larger number of rows than the one with the shortest total length. aesthetic allocation of vertices in a planar region is considered, modeling the problem of the allocation of flow objects in swimlanes of the work pool, and allocation of the swimlanes with respect to each other. The advantage of the proposed algorithm is in the approximation of the whole Pareto set enabling a decision maker to settle an appropriate trade off between the considered objectives.
